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(4)  has a limiting form for n= oo.    Let the equation be first divided through by JcQ, and then denote the limits of the successive coefficients for n = oo by ^(x), k2(x), • •     km(x).    Construct next the auxiliary equation
(5)             a» + fc^y-i + £2(x>— 2 + • - • + km(x) = 0.
Except for particular values of x there will be one root of this equation which has a larger modulus than any other. Let r(x) be that root. Poincar6* shows that with increasing n the ratio G-n(%) 1 6rw_i(#) will approach, in general, this root as its limit. The region of convergence is therefore confined by a curve of the form (7= \r(&)\) and the value of C for the series (2) is to be taken equal to the radius of convergence of 2cwj/n.f
By way of illustration let us take the series ^cnGn(x) in which the polynomial obeys the law
*More specifically, Poincare' proves that if no two roots of (5) are of equal modulus, Gn(x) I Gn—i(x) has always a limit, and this limit is equal to some root of (5), usually the one of greatest modulus.
t Poincar£ has given no proof that the series (2) will converge at those points within the curve | r(x) \ = C, for which there are two or more distinct roots of (5) having a common modulus greater than the moduli of the remaining roots. Thus in the example which is quoted below (p. 127), these are the points of the real axis which are included between + 1 and — 1. This gap in Poincare'' s theory can be filled in by the following theorem which I have given in the Transactions of the Amer. Math. Soc., vol. 1 (1900), p. 298 : If the coefficients in the series 2>Anyn are connected by a recurrent relation having the limiting form
A n + &! An-i 4- • • ' + hnAn-m = 0,
the series will converge at the worst within a circle whose radius is the reciprocal of the greatest modulus of any root of the auxiliary equation
Denote this maximum by r, irrespective of the number of roots having this maximum modulus.    Then
U.|<Jf(r+.)«               (»=!, 2, ...).
Hence if 0 is the radius of convergence of Scn2/n, tne series Scn-An will converge when (7>?*. Suppose now that ^depends upon x and put An =0n(x). It follows then from my theorem that 2cnGn(x) will always converge when tf> r. But this is what was to be proved.
At the time of the publication of my work I was not aware of Poincare' s article, and I therefore failed to point out the relation of the two memoirs.le singular point, but this, as
